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ABSTRACT 
A method is given for selecting a certain subset of m-flats from a finite projective 
geometry PG(N, q) which cover all (t -- 1) fiats there, where m >~ t -- 1. These results 
have application to the problem of designing efficient information retrieval systems. 
Recently there has been some interest in applying certain methods of 
combinatorial mathematics to the problem of designing filing systems 
which permit efficient information retrieval [see 1 and 6]. The structure 
of  covers of  finite projective geometries becomes of interest here because 
of the following correspondence. 
The basic elements of  the file are called records. Each record is uniquely 
identified by an accession umber. Suppose the data on any record indicates 
the "presence" or "absence" of  each of v attributes. Retrieval will be 
related to the concept of "presence" and will be expressed in terms of 
queries which specify a subset of attributes whose presence is jointly 
required. For example, if A~ (i = 1, 2 ..... v) denotes the i-th attribute, 
then the query A = (A1, A2) seeks all records which contain both 
A1 and A2. The structure of the filing system is based upon defining 
certain disjoint subsets (called buckets) of a computer memory such that, 
to each query of interest, there corresponds exactly one bucket. However, 
the same bucket may be relevant o many queries. Finally, the accession 
number of  any given record is stored exactly once at an address in each 
of the buckets for which it satisfies at least one of the corresponding 
queries. 
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Air Force Office of Scientific Research Grant AF-AFOSR-68-1415, and National 
Institutes of Health, National Institute of General Medical Sciences Grant GM-12868. 
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Let the v attributes be identified in a one-one way with a subset of the 
points of the finite projective geometry PG(N, q); i.e., 
v ~ (qN+l __ 1)/(q -- 1). 
Suppose that any given query will involve at most t attributes. Hence, 
any query will determine at most a ( t -  1)-flat in the geometry. Let a 
class of m-flats where m ~ (t - -  l) be identified with the buckets of the 
filing system. In order for each query to have a corresponding bucket, 
this class must be  such that every (t --  1)-flat in PG(N, q) is contained 
in at least one of the m-flats. I f  b m-flats are required, then the resulting 
construction will be called a (b, t, m) cover. In order for the filing system 
to be efficient, it is desirable that b be as small as possible. 
Simple constructions of (b, t, m)-covers with reasonably small b are 
not readily available except for some special cases, which will be cited 
later. Here, we will consider an algorithm for generating a system of 
covers for PG(N, q) from covers available for PG(N', q) where N' < N. 
No claim of optimality is made. However, because of  their basic simplicity 
they are felt to be of some interest. 
LEMMA 1. There exists a (b, 1, 1)-cover for the geometry PG(N, q) 
with b = q)(N -- 1, O, q) where q is a prime power, where 
~(N,  O, q) - -  qN+l  __  1 
q- -1  
PROOF: Consider the set of b ---- q)(N -- l, 0, q) lines through some 
fixed point P0 in PG(N, q). This represents a (b, 1, 1)-cover since each 
point of PG(N, q) lies on exactly one of the lines through P0 9 
COROLLARY. There exists an optimal (b, 1, D-cover for PG(2, q) 
where q is a prime power. 
PROOF: Since each line in PG(2, q)contains (q + 1) points, we have 
that 
b ~>(q2+q+ 1) / (q+ 1) >q;  
i.e., b >~ (q + 1). But the construction from Lemma 1 has 
b = q~(1, O,q) = q+ 1 
and hence is optimal. 
LEMMA 2. There exists a (b, 1, m)-cover for the geometry PG(N, q) 
with b = qb(N -- m, O, q) where q is a prime power and N >~ m. 
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PROOF: Consider the set of b ---- ~b(N --  m, 0, q) m-flats through some 
fixed (m -- 1)-flat ~r o in PG(N, q). This represents a (b, 1, m)-cover since 
each point of PG(N, q) which is not on 7r o determines a unique m-flat 
through 7r o . 
COROLLARY. There exists an optimal (b, 1, m)-cover for PG(m + 1, q) 
where q is a prime power; i.e., b = (q + 1). 
PROOF: Since each m-flat in PG(m + 1, q) contains (q,~+l _ 1)/(q --  1) 
points, we have that 
b ~ (q,,,+z _ 1)/(qm+l __ 1) .~ q; 
i.e., b ~ q + 1. But the construction of Lemma 2 has 
b= qb(1,0, q) = q+ 1. 
LEMMA 3. There ex&ts a (b, 2, 2)-cover for the geometry PG(3, q) 
with b = q2 + q + 1 where q is a prime power. 
PROOF: Consider all lines in a given plane % through a given point Po 9 
There are (q + 1) lines in % through P0. Form the (b, 2, 2)-cover by 
taking all planes through these lines other than 7r o together with zr o . 
Hence, b ~ q(q + 1) + 1 = q2 + q + 1. Since any line L, not in zr 0, 
intersects % in a point P1 and since the line connecting Po and/ '1  and 
the line L determine a unique plane, each line is covered. 
LEMMA 4. There exists a (b, 2, 2)-cover for the geometry PG(N, q) with 
N--2 
b = ~ q~(% O, q), 
where q is a prime power and N ~ 2. 
PROOF: Consider all lines, in a given (N -- 1)-flat %,  through a given 
point P0. There are qb(N --  2, 0, q) such lines. Form the (b, 2, 2)-cover of 
PG(N, q) by taking all planes through these lines other than those lying 
in % together with a (b, 2, 2)-cover of PG(N-  1, q) as represented 
by rr 0 . Since any line L, not in Tro, intersects rro in a point P1 and since 
the line connecting P0 and. Pa and the line L determine a unique plane, 
each line not in ~r 0 is covered. Those lines in rro are covered by the 
(b, 2, 2)-cover developed for PG(N-  1, q) which may be assumed to 
exist by mathematical induction because of the existence of the 
(b, 2, 2)-cover of PG(3, q) given in Lemma 3. The value of b is determined 
by noting that through each, of the q~(N --  2, 0, q) lines through P0 in 7to, 
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there pass {~(N-  2, 0, q ) -  ~(N-  3, 0, q)} planes not lying in rr 0 . 
Thus, b is equal to the sum of qU-2q~(N -- 2, O, q) and the number of  
planes needed to cover the (N-  1)-flat fro. Proceeding backwards in a 
recursive manner, we have 
N--2  
b = Z q~qb(~, O, q). 
a=O 
LEMMA 5. There exists a (b, 2, m)-cover for the geometry PG(N, q) with 
N- -m 
b -~ Z q~qb(a, O, q), 
where q is a prime power and N ~ m ~ 2. 
PROOF: Consider all (m - -  1)-flats, in a given (N - -  1)-flat rr o , through 
some fixed (m - -  2)-flat ~rl. There are ~O(N - -  m, 0, q) such (m - -  1)-flats. 
Form the (b, 2, m)-cover of  PG(N, q) by taking all m-flats through these 
(m - -  1)-flats other than those lying in rr 0 together with a (b, 2, m)-cover 
of PG(N -- 1, q) as represented by 7r o . Since any line L, not in 7r 0 , 
intersects 7r o in a unique point  P1 which lies in an (m - -  1)-flat 7r such 
that 7q _C ~- _C % and, since L and 7r determine a unique m-flat, each line 
not in ~'0 is covered. Those lines belonging to ~r 0 are covered by the 
(b, 2, m)-cover similarly developed for PG(N-  1, q), the existence of  
which may be assumed by mathematical  induction since a (b, 2, m)-cover 
exists for PG(m, q). In particular, for the case N = m, b = 1 ; for the case 
N ----- m + 1, b = q(q q- 1); and in general b is the sum of 
9 (N - -  m, 0, q){qb(N - -  m, 0, q) - -  qb(N - -  m - -  1, 0, q)} 
and the number of  m-flats needed to cover the (N - -  1)-flat 7r 0 . Proceeding 
recursively, we have 
N--~n 
b---- Z q~(~,0 ,  q)" 
a~0 
THEOREM. There exists a (b, t, m)-cover for the geometry PG(N, q) with 
N - -m a ~ ez 2 
b ---- ~, Z "'" Z q~+~2+'"+~'q~(al, 0, q), 
a~=0 a ~__1=0 C~l=0 
where q is a prime power and N ~ m ~ t. 
PROOF: Consider the (m - -  D-flats belonging to a (b, t - -  1, m - -  1)- 
cover for the geometry PG(N -- 1, q) as represented by an (N - -  1)-flat rr 0 . 
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This may be assumed by induction. Form the (b, t, m)-cover of PG(N, q) by 
taking all m-flats through these (m-  1)-flats other than those lying 
in ~'o together with a (b, t, m)-cover of  PG(N -- 1, q) as represented by %.  
Since any t-flat ~r, not in %,  intersects ~r 0 in a unique (t - -  1)-flat lying 
in an (m - -  1)-flat ~r 1 which belongs tO the (b, t - -  1, m --  1)-cover in rr 0 
defined above and, since ~r and rr I determine a unique m-flat through 7r 1 , 
each t-fiat not in % is covered. Those t-flats belonging to ~r 0 are covered 
by the (b, t, m)-cover similarly developed for PG(N -- 1, q), the existence 
of  which may be assumed by induct ion because of  Lemmas 1-5. In these 
constructions b is the sum of 
Z ~176176 
tct _l=0 ~t t_g=0 Ctl~0 
q'~l+~2+'"+n~-lt~(~1, O, q)}
X {~(N- -  m, O, q) - -  ~(N- -  m - -  1, O,q)} 
and the number of  m-flats needed to cover the (N - -  1)-flat ~r 0 . Proceeding 
recursively, we have the stated value of  b. 
As can be seen from the sequence of results, the induction is first with 
respect o N, then with respect o m, and finally with respect o t. Final ly, 
it should be mentioned that there do exist covers which are much better 
than what has been outl ined here. These are based upon the concept 
of  spread as discussed by Bruck [2, 3], Bruck and Bose [4, 5]. However, 
the results here could be used to extend some of  the covering propert ies 
of  existing spreads to cases with larger N, m, t. 
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